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The possibility that nonlocal operators might be added to the Yang-Mills action is investigated. We 
point out that there exists a class of nonlocal operators which lead to renormalizable gauge theories. 
These operators turn out to be localizable by means of the introduction of auxiliary fields. The 
renormalizability is thus ensured by the symmetry content exhibited by the resulting local theory. 
The example of the nonlocal operator Trf A^-^A^ is analysed in detail. A few remarks on the 
possible role that these operators might have for confining theories are outlined. 
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1 Introduction 



The understanding of the behavior of Yang-Mills theories in the nonperturbative infrared region is a 
great challenge in quantum field theory. Different approaches are currently employed to address this 
issue, namely: lattice gauge theories^, study of the Schwinger-Dyson equations [21 El 01 [5] , duality mecha- 
nisms [HJ [3 [U [9j [10] , restriction of the domain of integration in the Feynman path integral in order to take 
into account the existence of the Gribov copies [UJ 121 [13] , variational principles [HI [E], condensates 
[ElinillSlIISlBniEIlEZlEIilEIlES]' exact renormalization group [26j [27]. Several results have been 
achieved so far, having received confirmation from the various approaches. This is the case, for example, 
of the infrared suppression of the two point gluon correlation function and of the infrared enhancement 
of the ghost propagator in the Landau gauge [UJ H21 H31 El [3], HI El [261 [2Z1 EH [291 EQl EH EH [33l EH- 
Nevertheless, a satisfactory description of the gluon and quark confinement is not yet at our disposal. 
One still has the feeling that much work is needed. 

The aim of this paper is to call attention to the fact that there exist nonlocal operators which can 
be consistently added to the Yang-Mills action. This means that, for those specific operators, a renor- 
malizable computational framework can be worked out. As is well known, adding a nonlocal term to 
the Yang-Mills action is a delicate operation. In most cases the requirement of renormalizability can- 
not be accomplished. However, in a few cases, the nonlocal term can be cast in local form through 
the introduction of additional localizing fields. Furthermore, the resulting local theory might exhibit a 
rich content of symmetries, enabling us to establish its multiplicative renormalizability to all orders. It 
is worth underlining that, being nonlocal, these operators can induce deep modifications on the large 
distance behavior of the theory. As such, they might be useful in order to investigate nonperturbative 
features, being of particular interest for confining theories. 

As an explicit example of such nonlocal terms, we shall present a detailed analysis of the nonlocal 
operator 

where D 2 stands for the covariant Laplacian 

(D*) ab = D?D*, 

Df = S^-gf^. (2) 

Through this example we shall be able to provide a general overview of what can be called a consistent 
framework [381 [39] for a nonlocal operator which can be added to the Yang-Mills action, namely: 

• achievement of a localization procedure, 

• investigation of the symmetry content of the resulting local action, 

• proof of the multiplicative renormalizability of the theory. 

In order to have an idea of the relevance of such nonlocal terms for the infrared behavior of Yang-Mills 
theories, let us spend a few words on two examples which have been analysed recently, and which fulfil 
the requirements of localizability and renormalizability. The first example is provided by the Zwanziger 
horizon term which implements the restriction of the domain of integration in the Feynman path integral 

1 See ref.Q] for a general overview. 
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to the Gribov region O in the Landau gaug <S P1II3], namely 



Sn = -5 2 7 4 / d A x r hc A\ ( j^—^j a f dec Al , (3) 

where the parameter 7, known as the Gribov parameter, has the dimension of a mass. The second 
example is given by the gauge invariant nonlocal operator 

Sm = ^j d 4 xF- u (^y b F^, (4) 

which, when added to the Yang-Mills action, yields an effective gauge invariant mass m for the gluons 
[371 ESI EH] , a topic which is receiving increasing attention in recent years. As shown in [T2" l [T3" | l4"0l W\\ I3"8" l 
[39] . both operators (|3]),(j4|) are localizable, the resulting local theories enjoy the property of being renor- 
malizable. In particular, in |42| l4"3j [39] one finds the two loop calculation of the anomalous dimensions 
corresponding to expressions (EJ) , (SJ) - 

Concerning now the operator O, eq.(pQ), a few potential interesting features might be pointed out in 
order to motivate better its investigation. We observe that its introduction in the Yang-Mills action leads 
to a deep modification of the gluon propagator in the infrared. More precisely, as we shall see in the 
next section, the addition of the term ([I]) will give rise to a tree level gluon propagator which is of the 
Gribov type [HI [T2J Q3], i.e. it is suppressed in the infrared, exhibiting positivity violation, a feature 
usually interpreted as a signal of confinement. This should be not surprising. Notice in fact that, in the 
quadratic approximation, both operators ([I]),© reduce to the same expression, thus yielding the same 
propagator. Also, we mention that expression ([T]) can be easily adapted to the lattice formulation, thus 
it could also be investigated through numerical simulations. 

The present work is organized as follows. In section 2 we describe the localization procedure for the 
operator ([I]). Section 3 is devoted to the study of the symmetry content of the resulting local action. In 
section 4 we derive the set of Ward identities. In section 5 we present the algebraic characterization of the 
most general local invariant counterterm, and we establish the renormalizability of the model. Section 6 
collects the conclusion. 

2 The localization procedure 

Let us start by considering the gauge fixed Yang-Mills action with the addition of the nonlocal operator 
O, eq.([T|), namely 

S = S YM + S gi + a 4 , (5) 
where Sym is the Yang-Mills action in four dimensional Euclidean space-time, 

S YM = ^jd 4 xF^F- u , (6) 

with 

F%, = d,A a u - d v Al + gf ahc A\Al . (7) 
The term 5 g f stands for the gauge fixing term, here taken in the Landau gauge, i.e. 

S g f = j A (V<9^ + c a d^c b ) , (8) 

2 For the generalization of the horizon function © to the maximal Abelian gauge see |35l I36| . 
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where the auxiliary field b a is the Lagrange multiplier enforcing the Landau gauge condition, d^A® = 0, 
and (c a ,c a ) are the Faddeev-Popov ghost fields. Notice that, in order to have the correct dimensions, a 
parameter a with the dimension of a mass has been introduced in expression ([5]) . As the purpose of the 
present work is that of showing that a local and renormalizable action can be obtained from the nonlocal 
expression (pQ), a will be treated as a free parameter. After having proven the renormalizability of the 
resulting local theory, one can address the issue of whether a could be generated in a dynamical way, 
being associated to a possible condensation of the operator O, i.e. (O) ^ 0. As it happens in the case of 
the Gribov parameter 7 [11 4 112 1 [T3] of the horizon function, eq.([3]), this would demand that the parameter 
a is a solution of a suitable gap equation, enabling us to express it as a function of the gauge coupling 
constant g and of the invariant scale Aqcd- Although being out of the aim of the present work, we shall 
come back to this interesting point in the conclusion, where a possible strategy to face the dynamical 
generation of the parameter a will be outlined. 

An interesting feature of the action ([5]) is that it gives rise to a tree level gluon propagator which 
displays the characteristic Gribov behavior [111 I12|. fT3] . namely 



{A*Jk)A>(-k)) = ^ Tr —r K„ - ^ ) . (9) 



kfj, k v 

As already remarked, this is a consequence of the fact that both operators ([!]) , ([3]) reduce to the same 
expression in the quadratic approximation, thus leading to same the tree level propagator. 

Although the operator (JTJ) is nonlocal, it can be cast in local form by introducing a suitable set of 
auxiliary localizing fields. This is performed according to 



e~ aA ° = I DBDBDGDG exp \ - I A 



\ (BlDfD^Bl - G^DfD^ + ^ (B - } , 



(10) 

where (B^, B®) are bosonic vector fields, while (G^, are anticommuting fields. Thus, for the partition 
function Z of the model we may write 

Z= j DADbDcDc e' s = J DADbDcDcDBDBDGDG e~ SL °^ , (11) 

where the local action ^Locai is now given by 

•Sxocal = SVm + S'gf + Saux + S a , (12) 



Saux = \Jdh (BlDfD^Bl - G«D?D>?G* 



with 



S a = -J (Fx {B-B)lA*. (13) 

3 Symmetry content 

To analyze the symmetry content of our model we shall start first by considering the case in which the 
parameter a is set to zero, i.e. a = 0, yielding 

5*0 = SLocal|o-=0 = SVtvI + S'gf + Saux • (14) 
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The action (I14p is completely equivalent to the Yang-Mills action, since the introduction of the auxiliary 
fields (Bp, B£) and (Gp,Gp) amounts simply to inserting a unity factor, i.e. 

1 



1 



DBDBDGDG exp 

Furthermore, the action (114p enjoys the following symmetries 
• The BRST symmetry: 



B a pDfDl c B C p 



G a pD?Dl c Gp 



sA a p 


= -D ab c b 




= lf abc c a c b 
T 


sc a 


sc a 


= b\ 


sb a 


= o, 


sB a p 


= 9f abc c b B^ 


sB« 


= gf abc c b % 


sG a p 


= gf abc c b G c p 


sG a p 


= gf abc c b G C p 



(15) 



(16) 



The 5-symmetry: 



Evidently, 



SB a p 


— 


5G a p 


= o, 


*G a p 


= B a p 


5B a p 


= . 



(17) 



sS = 5S = . (18) 
Both operators s and 5 are nilpotent, obeying the following anticommutation relations 

s 2 = 5 2 = {s,5} = . (19) 
In the same way as the BRST transformations allow us to introduce the ghost number operator 7V g h 

M gh S = J A - c*^) S = , (20) 

the ^-transformations (|17p enable us to introduce a second operator A/f associated to the anticommuting 
fields (G a p,G a p), namely 

A4 So = /A( G; -A-e;^U = o. (21) 



Let us now try to take into account the term S a in (|13p . As is easily seen, this term breaks both s and 
5 symmetries, in fact 

■2 



sS a = -y / d 4 x (B - 



2 

*S n - a — I d ,-G a pA a p . (22) 
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Moreover, the breaking terms (j22[) can be kept under control by embedding the action (jl2f) in a more 
general model with exact invariance, a strategy already successfully employed in the case of Zwanziger's 
horizon function 5h P2J H3], eq.([3j), and of the nonlocal mass term S m [MIES], eq.(|l]). To this purpose 
we introduce a set of external sources, namely 

{-^uv > X^ v ; Yf£ Vi Y^i/] U^u, Up]/ ) Vfjw, Vfxu } ) (^3) 

which enable us to introduce the composite operators B^A^, B^A^, G^A^, and (5° A®. Requiring that 



Y Y TJ TJ V 

[IV ) 1 [IV , 1 [IV 1 u [IV 1 u [IV 1 v [IV > 


Vnv transform as 




sX^y = 


Y 

1 [IV 1 


sYfiv — 


o, 


sY^p — 


X[iv i 


sXpv = 


= 


sV^ = 


U[xv > 


sUfw = 





SU[MV = 


%v , 


sV[iv = 


0. 



and 



(24) 



bV^v — —X^y , oX^p — , 

&V[iv = x^v , sx^ u = , 

SU^ = Y^ , SY^ = , 

SU^ = -Y^ , SY^ = , (25) 



it is apparent that the action S a 

S a = s5 j A [U^B^Al - V^Al) 



A (-X^B°Al + Y^G»AZ + U^B-A a u + % v G»A a u 
- (VBJ - X^Gl - - U^Gl) d v c a ) , (26) 

is left invariant by both s and 5 operators 

sS a = 5S a = 0. (27) 

Furthermore, it turns out that the original term S a is recovered from S a when the external sources attain 
their physical values, defined as 

-^M^lphys = ^Wlphys = ^Wlphys = ^M^lphys = ^Vlphys = ^"Mphys = ® " 

S a . -^S a . (29) 



Thus, we have 



phys 

The previous equation allows us to introduce a more general action 

^Local = Sq + S a , (30) 

where So and S a are respectively given by (fT4"l) and (126|) . which is left invariant by both s and 8 operators, 

^Local = SSl,ocaX = , (31) 
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while reducing to the action S^oca!, eq. (fT2j) . when the sources attain their physical values 



<S*l, 



ocal 



, ~ * ^Local ' (32) 

phys 



We see thus that the action S Local has been embedded in a more general action, SLocal j exhibiting exact 
invariance. Moreover, SLocal turns out to display a further global symmetry £7(4): 



where 



Qfiu SLocal — , (33) 



Quu = I A \B«J--mJ^ + GiJ^-GiJL+x m J—-x 1 



J \ "SB* U 5B»' »6G° U U 5G^ ^ 5X va vc 6X^ 
5-5 5 - 5 5 - 5 \ 

+Y ^WZ " va SY^ + U ^5UZ " Uv °SU^ + V ^WZ " Vva WJ ' (34) 

This symmetry can be associated to a new quantum number whose generator is the trace of Quv, i.e., 
Q 4 = Qfifj,. As already noticed in [T2J Q31 [Ml ES], the existence of this global invariance allows us to 
differentiate between the indices which refer to f7 (4) and the remaining Lorentz indices. Denoting by 
i, j, k, the indices corresponding to the U{4) invariance, expressions ([33j) and (f34"|) can be rewritten as 

Qij SLocal = , (35) 

Qii - I d*x(Bt^-B»*+G^-G«* + X*-X j 6 



13 ~ J \ l 5Bf j 5Bf l 5G] 3 6Gf 1,1 5X m m 5X^ 

s s & s s s \ 

+Yl »5Y~ " Y ^w~ + Ui "5u~ " U ^m~ + Vi "w~ " Vj »wJ ' (36) 



and 



'Local 



Sym + S g { + S aux + S(j , (37) 



with 5 aux , S a given by 



S aux = \ ldS,(B^D^Bt-G\DfD^G\ 



Sa = J A [-X ilx B«Al + Yi^GfA® + U^BfA* + V^GfA^ 

-{Y^Bt-X^-V^-tJ^GDd^} . (38) 

3.1 Identification of the final complete classical action 

We can now identify the complete classical action to start with. To this purpose, the action SLocal has 
to be supplemented by three additional terms given, respectively, by 

S ext = s J d A x {-Q-lAl + L a c a ) +s5 J A {Nf Bf + Mf G?) 

= J d 4 x ^-n^Dfc b + ^f abc L a c b c c + gf abc M?c b Bf + gf abc M?c b Bf 

+g pbc^a c bQC + g fabc N a c bQc\ ^ ^ 
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/\abcd , . /• \abcd . . . . 

A ^- G^ 6 - GjGjj =jd 4 x— [BfBt - G1G\) (S?Bf - G'Gj) , (40) 

and 

^.((/A^)-t/A(W-W. («) 

Let us analyze each term separately. The first one, eq. (|39|) . is needed in order to take into account the 
nonlinear BRST transformations of the fields, see eq. (|16p . In this term we have introduced new external 
sources O®, L a , Mf , Mf , Nf , iVf , which transform as 

sO« = sL a = sMf = sMf = siVf = siVf = , (42) 

and 

SNf = — Mf , <5Mf = , 
8Mf = Nf , <5iVf = , 

5VLI = , <5L a = , (43) 

ensuring both s and 5 invariance of S cx t- The second term, S\, is a quartic term in the auxiliary fields, 
allowed by power counting. As such it has to be introduced from the beginning. The S invariance of S\ is 
manifest. Its BRST invariance is achieved by demanding that the quartic coupling \ abcd is an invariant 
tensor in the adjoint representation, namely 

jman ymbcd _j_ jmbn yarned _|_ jmcn yabmd _|_ jmdnyabcm g (44) 

Also, from expression (j40l) one easily infers that \ abcd possesses the following symmetry properties 

yabed ycdab ybacd (45) 

Finally, the third term, S^, obviously invariant under s and 5, contains terms which depend only on the 
external sources. This term is allowed by power counting, being in fact needed for the renormalizability 
of the model. The parameter £ in expression (I4ip is a constant dimensionless parameter. 

Therefore, for the complete starting classical action S, we obtain 

£ = Sym + Sgf + S a + S ext + S\ + 

= S YU + J d±x b a d,A«+c a d,D^c b + ±BtD« b D b ;BC-±G?D^ 

+Y ¥ GfA« + U^BfK + VipGtAl - (%B? - X ¥ G? - V ¥ B? - U ifl G?) fyc" 
+C [XmUip - V^Y ifl ) - %Dfc b + 9 -f abc L a c b c c + gf abc Mfc b B^ + gf abc M?c b Bf 



+gf abc N?c b G c i + gf^N^Gt + [5$B\ - G^G b J \ B%B'j - GjGj 



(46) 



Let us also display, for further use, all quantum numbers of the fields and sources, given in tables [T] and 

m 

4 Ward identities. 

The action (jl6j) enjoys a large set of Ward identities. In fact, it turns out that £ fulfills: 
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A 


b 


c 


c 


B 


B 


G 


G 


dimension 


1 


2 


2 





1 


1 


1 


1 


ghost number 








-1 


1 














A/f number 




















1 


-1 


<24-charge 














1 


-1 


1 


-1 



Table 1: The quantum numbers of the fields. 





n 


L 


X 


X 


Y 


Y 


u 


u 


V 


V 


M 


M 


N 


N 


dimension 


3 


4 


2 


2 


2 


2 


2 


2 


2 


2 


3 


3 


3 


3 


ghost number 


-1 


-2 


-1 








-1 





-1 


-1 





-1 


-1 


-1 


-1 


A/f number 








1 





1 








-1 





-1 








1 


-1 


Q4-charge 








1 


-1 


1 


-1 


1 


-1 


1 


-1 


1 


-1 


1 


-1 



Table 2: The quantum numbers of the sources. 
The Slavnov- Taylor identity 



5(E) = , (47) 



+ 6 a — + y iM7 — + x iM _ + c/^-— + , (48) 



<wvf($G? ' " <ye» ' " *^ fiXin l ^5% ^sv^ l »5U^ 



The Landau gauge-fixing condition 



The anti-ghost equation 



5£ „ <5E 

^ + a "«S= ' (50) 



• The ghost equation 
where 



and 



<7°(£) = A dass , (51) 
G^J^(§ +9 f^§), (52) 
Adass = / d 4 x gf abc (njA° - L 6 c c + M^f + M^f - A^G? - JV?Gf) . (53) 



Notice that the breaking term A", is linear in the quantum fields. It is thus a classical breaking, 
not affected by the quantum corrections [44] . 
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The ghost number Ward identity 

A/" gh (E) = , (54) 

with 

6 „ 5 - 5 „ 5 „ 5 - 5 



5c a 5c a "SY^ "SXm ^5V ifi l ^5U ifl 

"^4 " ~ Mt *k ~ K sk ~ ~ ' (55) 

• The Ward identity corresponding to the fermionic invariance ([21 p 

= , (56) 

where A/f stands for the operator 

u < s / A ( G ?^- <5 -w +Fi "4 +x, "4 



The global 11(4) invariance 

Qii(S) = , (58) 



where 



13 ~ J \ l 5B$ 3 6Bf l 5G? >6Gf ^SXfr m 5X^ 
5-5 5 - 5 5 -5 



+M '^f-^mf + N -^f-^m) • (59) 



The rigid symmetries 

7^f(£) = 0, (A = 1,2,3,4), (60) 

where 



ij J \ 1 6G$ 3 5Bf ^SXfr m 5X^ l *5Y jlx m 5% 1 5N* j 5Mf 
7# = ld^(B^' + G^ + x'-x'-Y' + Y'-M^ + m 5 



ij J \ 1 50* 3 5B a ^ v 5V jfl m 5V ilA %,1 5U Jfl m 5U itl 1 5N* 3 SM^ 

rt? - fdk( - m^L + % * - x' + v' - u iu J- + mJ^ + m— 



ij "J {'SGI 3 5B? ^SXjfj, ^SY^^SUm m 5V % ^ 1 5N-^ 3 5M^ 
7?( 4 ) = f d A x ( B a — + G a — -U — - K — + V- — + X- — - M a — + N a 6 



5G a 3(JB a . jjya <5Af? 



(61) 



As we shall see in the next section, this set of Ward identities will enable us to prove the renormalizability 
of the complete action 
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5 Algebraic characterization of the invariant counterterm and renor- 
malizability 



Having established all Ward identities fulfilled by the complete action, eq. (|46j) . we can now turn our 
attention to the characterization of the most general invariant counterterm Sct- Following the algebraic 
renormalization procedure |44| . £ct has to be an integrated local polynomial in the fields and sources 
with dimension bounded by four, with vanishing ghost and JVf numbers as well as Q4-charge, and obeying 
the following constraints 



5c a 



By Sct 


= o, 




= o, 








= o, 


Q a Sct 


= o, 


Agh Sot 


= o, 


-A/f Sct 


= o, 


Qij ScT 


= o, 




= o, 



(62) 



where By is the nilpotent linearized Slavnov- Taylor operator 



By = 



d 4 x 



££ 5 



+ 



5 



«5S 5 <5E 

+ 777TT + 



+ 



sn 5 



+ 



5£ 5 
5M?~5Bf 
6_ 

5~E a 



+ 



6E 5 



SB? 5Mf 
5 



+ 



5L a 5c a 5c a SL a 
5T, 5 5 



5Mf SB? 



+ 



5 

SB?5M? 



SN? 5G% 



5G% 5N? 



+ 



<5£ 5 



5N? 5G? 5G? 8N? 



+ X ^5Y lll +U ^5V t 



+ Vi 



'A 1 

ByBy 



hi 



5U>, 



. 



(63) 
(64) 



After a rather lengthy analysis, the most general allowed counterterm Sqx compatible with all Ward 
identities is found to be 



-(oi 
+(2ai + a 2 



0,2 



9 -r bc (BfBt-GfGS) + /// 



.9' 



jacd jcbe ^ 



(aj + o 3 ) (*i M fl? - V^G? 



+ 



Yifj,Gf - U ilM B?) Al + a 3 (A iM G? + V^fl? - l^B? + L/^G?) d^ a 

y^abcd Kj" abed' 



(2a 2 + 04) 



+ a 4 - 



16 16 

+a 5 ((X ifi U ilM -V ilx Y ilx )} . 



Dfl no s~ia/~ib 



spj-qG] 



(65) 



In the last expression the coefficients a&, A; = 0, . . . , 5, are free parameters and J\f abcd is an invariant tensor 
with the same properties of \ abcd : eqs.flHJ) , (l4"5j) . As discussed in [381 EH], the tensor J\f abcd represents 
the contribution of quartic counterterms whose group structure does not allow to express them directly 
in terms of \ abcd . 
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It remains now to show that the invariant counterterm (I65p can be reabsorbed through a redefinition of 
the parameters, fields and sources of the classical starting action S, according to 

$o = Z l J 2 <5>, 
Jo = Zj J , 

yabcd = ZxX abcd + z abcd ? (66) 



where 



$ = (A,b,c,c,B,B,G,G) , 

J = (g,(,n,L,X,X,Y,Y,U,U,V,V,M,M,N,N) , (67) 



so that 



E($ , Jb, K bcd ) = J, A abcd ) + e Sct + 0(e 2 ) • (68) 
By direct inspection, the renormalization constants are found to be 

Zb = Zl = Za , 

7 7I 7 — 1 7~ 1/2 

C — — — 6g 6 A ' 

Z G = Zq = Zg = Z B , 

Zx = Zy = Zy = ZjJ , 

Zx = Zy = Z Y = Zfj = Z~ l Z l A 2 Zu , 

Zm = Zm = Z N = Zf, = Z^Zg 1 ' 2 , (69) 

with 

Z A = l+e(a + 2 ai ), 
7 - 1 F a ° 

Zb = 1 + sa 2 , 

Zjj = 1 - I (a + a 2 - 2a 3 ) , 

Za = 1 + e a4 , 
Z abcd = ea 4 M abcd , 

Z ? = 1 + e (ao + a 2 - 2a 3 + 05) . (70) 

Equations f[68|) , (i69|) , (FfOj) show that the counterterm Sct can be reabsorbed by means of a redefinition 
of the fields, sources and parameters of the starting action E, establishing thus the renormalizability of 
the theory. 

6 Conclusion 

Nonlocal operators are known to play an important role in Yang-Mills theories. For example, in the 
absence of quarks, the vacuum expectation value of the Wilson loop proves to be an order parameter for 
the confining and deconfining phases of Yang-Mills theories. Also, for a large class of loops, the Wilson 
operator is renormalizable. 

In this work we call attention to the existence of a slightly different class of nonlocal operators which can 
be added to the Yang-Mills action, while leading to a local and renormalizable theory. These features 
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are encoded in the possibility of achieving a rather simple localization procedure for these operators. 
The renormalizability is thus guaranteed due to the symmetry content of the resulting local theory. This 
framework has been illustrated through the example of the nonlocal operator of expression ([1]). Although 
many aspects related to these operators deserve a better understanding, let us spot here a few remarks 
which might be useful for further investigation. 

• The first observation is related to the nonlocal character of these operators which, when added to 
the Yang-Mills action, can induce deep modifications on the infrared behavior of the theory. These 
operators could thus be useful in order to investigate nonperturbative aspects of confining theories. 
This is best illustraded by the example of Zwanziger's horizon function ([3]), which implements the 
restriction of the domain of integration in the Feynman path integral up to the first Gribov horizon. 
In particular, the resulting tree level gluon propagator turns out to be suppressed in the infrared, 
according to [TT] [T2| fl3] 

W*)4(-*)> = ^7^4 (<W " ^) • (71) 

This propagator exhibits complex poles, a feature which is interpreted as a signal of gluon confine- 
ment. In other words, the gluon is destabilized by the presence of the Gribov horizon, so that is 
does not belong anymore to the physical spectrum. 

• A second remark follows by noting that, due to dimensional reasons, these operators require the 
introduction of dimensionful parameters, i.e. 7 for the horizon function ([3|), m for the nonlocal 
mass operator (j3J), and a for the expression ([1]). This naturally rises the question of whether these 
parameters could be generated in a dynamical way, reflecting the possibility that the corresponding 
operators might condense, acquiring a nonvanishing vacuum expectation value. This could result 
in the lowering of the vacuum energy of the theory, signalling that the aforementioned condensates 
are in fact energetically favoured. This would require that these parameters are determined in a 
self-consistent way through suitable gap equations. Once again, this point can be illustrated by the 
example of the horizon term ([3]). From [111 fT2| I13j. one learns that the Gribov parameter 7 is not 
a free parameter, being determined self-consistently through the gap equation 
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2 - , (72) 



where Y stands for the quantum 1PI effective action evaluated with the Yang-Mills action supple- 
mented by the horizon term ([3]) . Equation (|72ft enables one to express 7 as a function of the gauge 
coupling g and of the invariant scale Aqc d ■ 

Notice that the gap equation (|72p can be seen as a variational minimizing condition, stating that the 
quantum action T depends minimally from 7. The same variational principle could be employed 
in order to investigate the dynamical origin of the gluon mass parameter m as well as to study 
the operator ([T]). It is worth mentioning that this variational principle has been in fact already 
employed in the study of the dimension two condensate (A^Afy [45] in the Landau gauge which, 
due to the relationship 



d A xF« v ^F« v = ^J (fxA^Al + higher order terms . (73) 



can be seen as evidence in favour of the possible existence of a nonvashing condensate (-F-^i 7 ). 

One further aspect to be investigated is whether two or more nonlocal operators could be si- 
multaneously added to the Yang-Mills action in such a way that the resulting theory preserves 
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renormalizability. This would require the absence of possible mixing among the various nonlocal 
operators which could jeopardize the renormalizability. Let us mention here that, so far, this issue 
has been investigated by considering the inclusion in the Yang-Mills action of both Zwanziger's 
horizon function ([3]) and the nonlocal mass term Thanks to the rich symmetry content, it 

turns out that there is no mixing between the two operators, so that the resulting local theory can 
be proven to be renormalizable [46] . This result could allow us to investigate the effects of the 
gauge invariant nonlocal mass operator (|4|) in the presence of the Gribov horizon. 

• Finally, it would be interesting to look at a more systematic way in order to search for other nonlocal 
operators which might lead to renormalizable theories. The inclusion of matter fields could also be 
exploited. For instance, the investigation of a possible nonlocal spinor mass term preserving chiral 
invariance could be of a certain interest. 
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